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1. Ingroduction and Summary R

Military Standard 781C, "Reliability Design Qualification
and Production Acceptance Tests: Exponential Distribution" [2]
covers the requirements for reliability qualification tests
(pre-production) and reliability acceptance tests (production) for
equipment that experiences a distribution of times-to-failure that
is exponential. These requirements include: test conditions,
procedures, and various fixed-length and sequential tes£ plans
with respective accept/reject criteria. This paper 1s concerned only
with the statistical test plans and the s:lection and use of these
plans:4\?he Standard contains both fixed-length test plans (Plans
IXC through XVIIC and XIXC through XXIC) and probability-ratio
sequential tests (Plans IC through VIIIC and XVIIIC). Fach fixed-
length test plan is characterized by its discrimination ratio (d),
its total test time (T), and its maximum allowable number of failures
to accept (k). If a fixed-length test plan is selected, the total
test duration is essentially set in advance. The only way in which
one of these plans can terminate early i{s by rejection. For example,
Test Plan XVIIC terminates with a reject decision at the third

failure if this failure occurs before 4.3 units of trta) tesi time

1/ Work supported in part by Contract NOCOC14-79-C-0751 with the Office
of Naval Research. -
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have transpired. An accept decision can only be made when 4.3 units

of total test time have accrued. Even if the second fallure occurs
very early, an early reject decision cannot be made; nor can an early-
‘accept decision be made if no failures have occurred, say, by time 4.0.
In both of these situations, an early decision would leck statistical

validity in failing to guarantee the operating characteristic of the

selected plun. Moreover, an esrly reject decision by the consumer

- would probably violate contractual agreements with the producer.

However, an early-accept decision by the consumer would not be subject 5%

to such an objection. Such a decision might seem very drsirable to Ez

WIS BT VTR TP O TR NG

the consumer (government) if testing costs were substantial or if :

schedule deadlines were near. This paper presents modifications to 3

the fixed-lengttr test plans of MIL-STD-781C which allow early-accept
decisions to be made without sacrificing\statistical validity. The

K proposéd plans differ from the probability ratic sequential tests in ?

T S YT

the Standard in that rejection is permitted only after a fixed number

ad iz il

of failures have been observed.

i ok

2. The Early-Accept Criterion

E The early-accept criterion we will consider is as follows. . 1
Conslder a test plan éFL with discrimination radio d. total test

| time T , maximum allowable number of failures to accept k (k > 1),

and consumer's risk 8. Consider alternative test plans
Fyr Pps 0o épk-l with the same ciscrimination ratio, maximum i

allowvable number of failures to accept J (0 < j < k), and total test
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times Tj =2 X(1-8,2542)° where Xy s 2442) 18 the (1 - 8)

percentile of a chi-squared distribution with 2j4+2 degress of

frudon.y The producer's riaks for test plans .,j(o £J £k) are
in decreasing order of j, the test times are in increasing order of
j, a.d the consumer's risks are constant in j (each is B).

The early-accept criterion is as follows: accept at time Tj if
at most ] failures have occurred up to that time. This alters the
original test plan Sﬁk by allowing early-accept decisions to be
made at k time points prior to the tot:l test time Tk' As a
result the producer's risk for test plan &Fi i8 altered. Also,
even though each test plan '?0’ .?1, «vvs P, has consumer's risk 8,
and even though the alternat;lve test plans 90. 91. veny ‘,k-l were
only involved with accept decisions, the consumer's risk of the
resulting test is not maintained at 8, and indeed, may be
significantly greater than B8. It is true that if an early-accept
decision is made at time Tj’ then test plan 95, had it been
selected prior to the start of testing, would have reached the same
conclusion. But, by allowing the test results to effectively aictate
which test plan is used, the probability calculations involvad in

determining the consumer's risk are modified by the conditional

probabilities which must consequently be incorporated into them.

l/Thia choice is somewhat arbitrary, but is motivated by the use of
this rule to guarantee a given consumer's risk for a fixed-length

test plan.
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The producer's and consumer's risks for the modified
test plans are computed as follows. Let PA(A) denote the

probability of accepting vhen the true mean time between failures

(MTBF) is 1/A.

k
7 Pr{accept at time Tj} .

P,(A) =
A =0

Let A(j) = Pr{accept at time Tj}.

Theorem 1. Suppose the true MIBF is 1/A. Then

] - - - 3-% - -
- (XTJ) exp( RTJ) i 321 A - [MT__L T)] exp( MTJ Tz)) .
) i 450 G-2)!

Proof. If an accept decision is made at time Tz, then exactly &
failures must have occurred up to that time (since if fewer than

¢ fatlures had occurred, an accept decision would have been made

earlier). Thus

h|
Pr{exactly j failures in [0,T ]} = Pr \g){accept at time T, and
i 220 .

(j-2) failures in (Tz’rj]})’

vhere @ represents a union of disjoint events.

o1 ) dexp(-2T,) 321 (A (T,=T,) 13 Fexp(-2(T,-T )
1 4. A ) 172
L Lo AW - G-0)1 +Ag O
4

il et A i

=
3

et . i




L L R

© 8 [T Y

e

KA SEMEE A  C B sl L S 5

TS 25
.

The consumer's risk for the early-accept test plan is PA(l) and

the producer's risk is 1 - P, (1/d).

3. Early-idccept Test Plans
It has been proposed that the early-accept criterion be used

with the existing parameters of the fixed-length test plans of
MIL-STD=781C. The effect of incorporating the early-accept criterion
into these fixed-length tast plans (without further modification) is

shown in Table 1. In all plans except Plan XXIC thc consumer's risk
is increased and the producer's risk is decreased. (Test Plan XXIC
is unchanged since it only accepts when there are no failures.) The
changes are substantial; ofteﬁ the consumer's risk is more than
doubled and the producer's risk halved. By altering the teat time
and the maximum number of failures to accept, it is possible to
correct for the 2ffect of the early-accept modification and closely
match the operating characteristics (at two points)} of the standard
fixed-length teat plans. The corrections for each of the MIL-STD-781C
fixed-length test plans are given in Table 2. Accept times for these
early-accept test plans are listed in Table 3.

The corrections were computed by defining functions fu(T,k)

as the producer's risk for an early-accept test plan with parameters :
T and k, and fB(T,k) as the consumer's risk. As T increases
fu increases and fB decreases, and as k increases fu decreases

and f, iucreases. Because of the integer restriction on k, it is

8




not alweya possible to design a test plan to achieve specified
values of a, 8 exactly. However, an algorithm which will

determine an approximate solution can de comstructed. The algorithm

from which Table 2 is derived first fixes k and uses a quasi-Newton

AN TR Y

wethod to determine a vclue of T which will achieve the desired

a=-value. The process in then repeated, varying k in accordance

s R T R Y AT P TIrY

with a bisection search, to determine a k-value for which 8 {s
also clqco to the desired level. Some additional checks to reduce

the calculations sve also incorporated. It should be notad that

BN o S

the test plans of Table 2 are designed to have o and R lavels

close to the nominal values of the standard test plans, not the

U Y

actusl values. (See Tables II and C-1 in [2]).

L 4. Performance of the Early-Accept Test Plans

Table 2 shows that the maximum test times for the early-accept

1 o AT

test plans are substantially increased from the standard test times.

g However, the expected test times for the early-accept plans are

! much smaller than the maximum times, and compare quite favorably

to the (fixed) test times for the standard plans%/ Graphs of expected
test duration versus true MTBF for the early-accent test plans appear
in Figures 1-12. 1f estimation of the tru> MTBF i3 notAnaCQQaaty. a

regular fixed-length test can be :efminated "early" when rejection is

; the appropriate action. Therefore, each figure also graphs the expected

e i i calal A SR A At S A RS

‘ test duration versus the true MTBF for this procedure. It is not

i 1/ The expected test times for Early-Accept Plans IXC and XC exceed those
for the corresponding standard plans for a considarable range of the
true MIBF. The reason for thJs is that these two early-accept vplans

have producer's and consumer's risks substantially closer to the nouinal
values than 4o the standard plans.
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surprising that the early-accept test plans generaliy have smaller
expected test durations.
The expected test durations ave computed as follows. Llet <t

be the (random) test duration.

k
E, (1] = E[‘ * jZO (I{nccopt at time TJ) * Iiregect 1o “3-1"’3”)]

k k
. T s At B lx+1 R Q)
3-2-0 I jzc A[ {raject 1o (rj_l.rj]}]

where IB denotes the indicator function of the event B, i.a., I’

equals 1 if the event occurs, 0 othervise. To computs the “erms in

the second summation in (1), note that for the plan reject in

(Tj

k +1 -~ r failures must occur in ('rj_l, 'rj]. Thus,

-1"11’ r fatlures (3 < r < k) must occur prior to 'rj_l. and

) 57Ty
g |71 ¢ - Q(j-1,r) - § (T, , + 2)f(z) de, (2)
A[ {reject in crj_l"rjlgl r-znj j-1
0
vhere f£(z) is a gamma density with parameters A, k+1l-r, and

Q(3,r) = Pr {do not accapt or reject at or before time Tj’ and

failures in !O,Tj]}. {J < 1)

Theorem 2. For jJ <r <k

Yexp(-aT,) 3=l D (1-T 1" e (-2 (14-T,))

(AT 4)

i

Q(jnt) - r! - zzo A(L) » — (t-’.)l .

i ok i o s
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J
Priexactly r fatlures in (O.TJ]) = Pr (w ({accept at tims 'r‘
0
(necessarily with 2 failures)

and (r-t) failures in (rt.rjn

M Q(j.r)‘
(x;r )'axp(-k'r ) =1 [x(T,-T )]"‘";xp(-x('r -T,))
b | h . b ] 4 2
1 !.20 A(R) =D)1 Ql,r) . O
This

All that remains is to compute che integral in (2).
intsgral can be expressed in terms of the incomplete gamma

distribution and avaluated by standard computer gubroutines [1).

T,~-T,

T3 T I
o e o)
(Tj—l + 2)f(z)dx ('l‘j_1 + z) T (kectl) ds
0 0
MIy-T, )
(1, i+ x/)e " Tax
= T(k-r+1)
0

Let I(x,p) be the incomplete gamma distributiom, that is

x
-t _p-1
I(x,p) = ‘P(;) - dt,

coierehlee i, s g
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Then
. 1Ty BRI
; Fik-ptd)  fo5*"TH
2 (T, #)e(a)ds = T, ) * TOIT,-T, ], kerhl) +-“z‘*—’-;,.r k-r+1) | T (kre2) 9%
: 0

- ewarm—h

. - k"ﬂl -
=Ta 10[1 3- 1 k) + S I(A[ -1, ] krtd).

5. 'conciuoiono

_'!ron an operating characteristic curve point of view, it does nui

make iuch difference whether a fixed-length teat plan, a probability-

T T e T AP 1 TP TR A A

ratio sequential test plan (truncated) or an early-accept plan is chosen,
- provided each.  is dssigned to have the same operating characteristics.
Generally, the ordering of the expected test duration is smallest for

" the probability ratic sequential test plan, followed by the early-accept

. plan, and largest for the fixed-length plan. The advantage of tha early-
éx , accept plan, over the probability ratio sequential test plan, is purely

psychological. The producer never has a lot rejected early, and esarly

decisions occur only with the aesirable outcome (from the producer's

point of view) of acceptance. Such an advantage cannot be discountad.
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TABLE 1 ~ Changes in Producer's and Consumer's Risks
Resulting from Incorporating Early-Accept
Criterion into MIL-STD-781C Tecst Plans

TR R

i Test Discrimination | Without Early-Accept Option* With Early-Accept Option+

3 Plan Ratio Producer's Consumer's Producnr's Consumer's

- Risk (2) Risk (2) Risk (X) Risk (%)

% | IXC 1.5 12.0 9.9 4.9 38.1

E ; ::: 1.5 10.9 21.4 3.5 58.8

% ? XI1C 1.5 17.8 22.1 6.8 56.4

E X11C 2.0 9.6 10.6 4.7 31.8

: XI1IC 2.0 9.8 20.9 ® 4 48.4

: § XIvC 2.0 19.9 21.0 11.3 42.8 é

: Xvc 3.0 9.4 9.9 5.9 23.1 é

XVIC 3.0 10.9 21.3 6.8 38.4 j
XVIIC 3.0 17.5 19.7 12.5 32.6

3 (High Risk

3 Plans)

: XIXC 1.5 28.8 31.3 14.0 59.5

‘ ' XXc 2.0 28.8 28.5 19.4 44.6

E XXIC 3.0 30.7 33.3 30.7 33.3

*
Taken from Tables II and III of MIL-STD-781C and is for the test plan
without early-accept modification,

+True risk when the early-accept criterion is incorporated.
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- TABLE 3 - Accept Times of Early-Accept Test Plans

Teat Plan

Accept Times*

IXC

XC

*
Accept at time T

T - ‘.2

T. = 12.4

TlO = 19.3

Tl5 = 25.8

TéO = 32.1

T25 = 38.2

Typ = 44,2

T35 = 50.1

T40 - 5€.0

T,. = 51.8

45

T50 = 67.6

T

o™ 3.2

T5 = 10.9

T10 = 17.4

T15 = 23.6

Cont'd.

b

1f 3

T, = 13.9
T,, = 20.7
T,, = 27.1
T,, = 33.3
T,, = 39.4
Toy = 45.4
T.. = 51.3

T,, = 57.2

T., = 68.8

T, = 12.2

T11 = 18.7

T16 = 24.8

13

T, = 15.3
T,, = 22.0
T,, = 28.3
T ; 34.5
T,, = 40.6

T,, = 46.6

T,, = 52.5

T,, = 58.3

T,, = 64.1

T, = 69.9

T, = 13.6

le = 19.9

T17 = 26.1

T, = 16.6

Tyq = 23.3

Tyo = 29.6

Tpa = 35.8

T,, = 41.8

Toq = 47.8

= 59.5
T,q = 65.3

Teq = 71.1

T,, = 21.2

T, = 11.0
T, = 18.0

T19 = 30.8

24

ng = 43.0

3 = 49.0

T39 = 54.8

T44 = 60.7

T&9 = 66.5

54 = 72.2

= 9.5
To = 16.1

T,, = 22.4

14

T19 - 28.4

failures huve occurred to that time.

R DT S T S S T IRy s ORI S kB
ot Lot b i . T

i
§,
N
;

b i A b3, S e 0t i B Vo

b B it Bl

L= bt

s RO e i




Test Plan

“'TABLE 3 (Cont'd) .

Accept Times®

XC
(Cont'd)

XI1C

XI1IC

XITIC

- T - 2906

20

T25 = 35.6

T30 = 41.4

T35 = 47.1

T. = 10.5

T10 = 17.0

T15 = 23.1

10
Ty = 2.8

T5 = 10.3

T10 = 16.6

T,, = 36.7 T

T, = 30.8 Ty, = 32.0

= 37.9

26 27

T31 = 42.5 T32 = 43.7

T = 48.3 T37 = 49.4

= 6.3

T, = 11,9 T, = 13.2

T,, = 19.5

T1 -‘18.2 12

1

T, = 24.3 Ty, = 25.5

16 7

T,, = 36.2 T,, = 31.4

21 22

5 T 1.2

T, = 13.1 T, = 14.4

T11 = 19.7 le = 21.0

'1‘16 = 26.0

T, = 4.6 T, = 6.1

1 2

T, = 12.9

T, = 11.0 v

6

T,, = 17.9 T

11 12 = 19.1

T,. = 33.2

39.1

x|
L]

T., = 44.8

50.6

3
]

T8 = 15.8

T13 = 22.3

T, = 14.1

N9

= 34.4

T,q ™ 40.2

Togq ™ 51.7

Ty = 15.7
T14 = 21.9

= 27.9

T - 10.3
T, = 17.1

Tlé- 23.5

= 8,9

T, = 15.4

*
Accept at time '1‘j if j fallures have occurred to that time.

14
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Test Plan

 TABLE 3 (Cont'd)
Accapt Times* .

P B TR
EFCRORNA

R e g T Lk R e Sl
. e

e— e

XIve

Xve

XVIC

XVIIC

XIXC

XXC

XX1C

To = 2.7 T1 - 4.4 sz = 3.9 T3 = 7.3

Ts - 10f0 ,TGQ- ;1.3 ,?7,- 12.6

= 3.5 Tl = 5.4 T2 = 7.0 | T3 = 8.6

T = 1.4 T, = 12.8
T, = 2.5 T, = 4.1 '1‘2 = 5.6 T3 = 7.0
= 2.2 T, = 3.8 Tz ~ 5.2

T, = 2.2 T, = 3.7 T, = 5.1 T3 = 6.4

w §.9 ¢ w10.2 T. =1l.4 Ty = 12.6

T.=18 T, = 3.2 Tz = 4.5

T, = 8.7

tﬁ - 1059

*
Accept at time Tj if j fail.urees have occurred to that tima,

15




EXPECTED TEST DURATION (IN NMULTIFLES OF LONWER TEST MTBF) -

Standard Fixed-Length Test Plan
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0.00

"‘ﬁh“‘Standard Fixed-Length Test Plan

with Early Rejection

+~Early-Accent Test Plan
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Standard Fixed-Length Test Plan
NN 1
“~Standard Fixed-Length Test Plan
g vith Early Rejection
gi 28.00
&
g
g ;
b =
§
E 10.00 & ERarly-Accept Test Plan
5.00
'v‘
I
N

it .u .
TRUE MTBF (IN MULTIPLES OF LOMER TEST

TEST PLAN XC

Figure 2
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’/.s:undcrd Fixed=-Length Test Plan

e=m=Standard Fixed-Length Test Plan

with Early Rejection
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Standard Pixed-length Test Plan

Standdrd Pized-Length Test Plan
with Early Rejection

R g B
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tarly-Accept Test Plan
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Figure 4
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